Basic p-groups  by Weichsel, Paul M
JOURNAL OF ALGEBRA 11, 331-337 (1969) 
Basic p-Groups 
PAUL R/I. WEICHSEI~ 
Department of Mathematics, University of Illinois, 
Urbana, Illinois 61801 
and 
Institute of Advanced Studies, Australian National University, 
Canberra A.C.T., Australia 
Communicated by Graham Hi,man 
Received April 3, 1966 
‘4 critical group which generates a join-irreducible variety is called basic. 
Basic groups were first introduced in [3] in the attempt to classify finite 
p-groups according to the varieties they generate. In this context they play 
the role of the indecomposable elements. This work was continued in [4] 
where it was shown that in a regular basic p-group the exponent of the group 
equals the exponent of the derived subgroup. These results were applied 
to obtain, among other things, a characterization of all basic p-groups of 
class three or less with p > 3. In [.5] all metabelian basic p-groups of class 
less than p were characterized. 
In all of the above work the sequence of integers {e(Gi)} i = l,..., c (the 
exponents of the elements of the descending central series of the p-group G 
of class c) play a dominant role. In this note we will investigate the behaviour 
of these exponents without any absolute restriction (independent of the prime) 
on the class and without any restriction on the derived length. The most 
striking of the results obtained is the following. 
COROLLARY 2.6. Let G be a finite basic p-group of class c < p. Then 
e(G) = e(G,). That is, e(G) = e(G+) for i = 1 ,..., c. 
More generally we prove (Theorem 2.5) that if G is a basic regularp-group, 
then in the sequence of exponents, {e(GJ), a proper decrease may occur only 
at a multiple of p - 1 steps from the “bottom.” In fact, the condition that G 
be regular can be weakened as follows: If  G is a basic finite p-group of class c 
and G, is regular for some Y, then the sequence of exponents, {e(Gi)}, i > Y 
behave as described in Theorem 2.5 quoted above. 
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The remainder of this paper is organized as follows: This introduction is 
concluded with a short section on notation. In part I we establish an elemen- 
tary criterion for a group to be basic (Corollary 1.7). In part II we prove the 
main theorems and conclude with some remarks on open questions. 
LVotation. Let A = {al ,..., a,> be a set of elements of a group G. We 
denote by (al , a2) = a;la,la,a, the (simple) commutator of weight 2 in a, 
and a2. In general, (x1 ,..., .q.) -= ((x1 ,..., xrPI), .x1-) is a simple commutator of 
weight Y in the elements of A if .vi ,..., X, E il. 
G, is the subgroup of G generated by all commutators of weight Y in ele- 
ments of G. G, =: G. If  G, # 1 and G,,, = 1, we say that G has class c. 
I f  G has finite exponent, then e(G) denotes the exponent of G. If  the 
group G can be generated by a set of d elements of G, then G is called a 
d-generator group. For each positive integer X, we denote by (G)” the subgroup 
of G, generated by the set {aC a E G). 
A finite p-group G is said to be regular if for all positive integers 01 
(ab)pa = aP”bp”C with C a product of path powers of elements in the commu- 
tator subgroup of the group generated by u and b. (See, e.g. [I], P. 183). 
I f  {A,} is a set of groups, we denote by var(il,) the variety generated by the 
set {A,:. I f  02( and Y are varieties and u denotes set join then we define 
O& U V” = varw 0 Y}. I f  {-da} consists of a single group A we denote 
var{A,j by var A. A group G is said to be critical if var{il,} is a proper 
subvariety of var G with {&} the set of all proper subgroups and factor 
groups of G. 
By a word w(.q ,..., x,) or simply w, we mean an element of the free group 
generated by {.vi ,..., q.}. I f  G is a group, then the verbal subgroup w(G) is the 
subgroup of G generated by all elements of the form w(aI ,..., a,) with 
aI ,..., a, E G. A word w is said to be an identical relation for the group G if 
w(G) = 1. 
I. A CRITERION FOR A GROUP TO BE BASIC 
DEFINITION 1.1. A group F is said to be a verbal subdirect product if 
there are words, q , vua such that v,(F) # 1, v9(P) f  1 and v,(F) n ~$3’) = 1. 
It is clear that if a group G is a verbal subdirect product, then it is not 
critical and moreover its variety is the union of two proper subvarieties. 
For var G = [var G/v,(G)] u [var G/v,(G)] and since v,(G) # 1 and 
v,(G) f  1, G $ var G/U,(G) and G $ var G/v,(G). 
\fTe have thus established 
THEOREM 1.2. If the group G is a verbal subdirect product then var G is 
not join-irreducible. 
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Since a critical group is never a verbal subdirect product and since there 
exist critical groups whose varieties are not join-irreducible it follows that the 
converse of this theorem is false. A useful necessary and sufficient condition 
for the join-irreducibility of var G can be obtained, however, by transferring 
attention from the group G to the relatively free groups of var G. 
DEFINITION 1.3. (P. Hall). A group F is called relatively free of rank d 
if it possesses a set of d generators such that every mapping of these generators 
into F can be extended to an endomorphism. 
If V” is a variety, then to each positive integer d, there corresponds a unique 
relatively free group of rank d, F(d), in 9”‘. It may be characterized as follows 
Let I’ be the set of words which hold identically for all groups in Y. Then 
F(d) z F/V(F) where F is the (absolutely) free group of rank d. 
Another useful characterization of such groups which we will need in the 
proof of the next theorem is the following. 
LEMMA 1.4. A group G is relatively free of rank d if and only if it has a set 
of d generators such that every relation between these generators holds identically 
in G, i.e., holds for each substitution of arbitrary elements of Gfor thegenerators. 
For the proof of this result we refer the reader to [I]. A direct consequence 
is the following. 
LEMMA 1.5. Let F be a relatively free group of rank d and let f (a, ,..., ak) 
and g(b, ,..., b,) be words which are not identical relations for F. Then either 
f(F) n g(F) = 1 or F satisfies an identical relation of the form: 
(*) 
with the wri and uSi fixed words in (zr ,..., zd} and the 01~ and /3j integers. 
Furthermore the verbal subgroup generated by the left hand side of (*) is not 
trivial. 
Proof. I f  f  (F) rig(F) # 1, then there are non-trivial elements off(F) 
and g(F) which are equal and we have the relation (*) with the w,.~ and uSj 
elements ofF. We now express each wYi and uSj as a word in a set of generators 
of F and it follows from Lemma 1.4 that (*) is an identical relation in F. 
THEOREM 1.6. Let G be a group which can be generated by d elements and 
let F be the free group of rank d in var G. Then var G is join-irreducible if and 
only zfF is not a verbal subdirect product. 
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Proof. Since F generates rar G it follows from Theorem 1.2 that if F 
is a verbal subdirect product, then var F mP var G is not join-irreducible. 
To prove the converse we assume that var G -: CYU .“A with f’ and J 
proper subvarieties of var G. Xow let f  be a word which is an identical 
relation for 02 but not for .& and g a word which is an identical relation for 9 
but not for a. In fact we may assume that the subvariety U is obtained from 
var G by adjoiningf and that .& is obtained by adjoining g. 
Now let F be the relatively free group of rank d in var G and consider the 
subgroup .l ~ ,f(F) n g(F). Since (‘I and 9 are proper subvarieties of var G 
it follows thatf(F) im 1 andg(F) f- 1. ‘I’1 ms if A 2~ 1, the theorem is proved. 
We therefore assume that A-I I~ I and thus F (and hence every group in 
var F = var G) satisfies an identical relation of the form (*) of Lemma 1 S. 
Let the LHS of (*) be denoted byf’ and the RHS of (*) hy g’ and consider 
the subvariety&of var G obtained by adjoining the relation f’. Clearly E is 
also the subvariety obtained by adjoining g’ to var G. Now ,f’(F) +- I and 
hence K is a proper subvariety of var G. On the other hand, since any group f f  
of var G which satisfies f(H) I also satisfies f’(f1) I it follows that 
CT c Cr. Similarly g C G and thus Lh u 99 = var G C (5, a contradiction. 
Thus *-1 ~~ 1 and the theorem follows. 
COROLLARY 1.7. Let G be a critical group which can be generated by d 
elements and let F be the relatively free group of rank d in var G. Then G is 
basic if, a?ld only if, F is not a verbal subdirect product. 
Proof. Since G is critical, it is basic if and only if var G is join-irreducible. 
But according to Theorem 1.6 var G is join-irreducible if and only if F is not 
a verbal subdirect product. 
II. THE SEQUENCE {e(Gj)] OF A BASIC FINITE ~-GROUP 
The finite p-groups to which we will be able to apply the main result of 
this section include the regular p-groups. In general we will be able to specify 
the behaviour of the exponents of the elements of the descending central 
series of a group G from that point in the series where the terms become 
regular. 
DEFINITION 2.1. A finite p-group G is said to be n-regular if n is the least 
positive integer such that G, is a regular p-group. 
Regularity is, of course, equivalent to 1 -regularity. An irregular metabelian 
group is 2-regular. In general, we have 
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Imuh~A 2.2. Let G be a finite p-group of class c. Then G is n-regular for 
some n < [c/p] + 1. 
Proof. I f  nz = [c/p] + 1, then G, has class at most p - 1, and is therefore 
regular. 
Thus our results about the behaviour of the descending central series of a 
finite p-group will apply at least from GCC,P1.,.l for any G and from Gz for 
metabelian G. 
The following two lemmas will be needed in the proof of the main theorem. 
LEMMA 2.3. Let G be an n-regular p-group with (GT+#’ = 1, Y ,; tz. 
Then (xl7 ,..., x,‘)@ = (x1 ,..., ~~)~~~~.fov any r y  1 ,..., x, E G and any integer 1. 
Proof. It is clear that for any integer I, (x1!,..., x,0 = (x1 ,..., x,)“d with 
d E G,~., . Now if we raise both sides to the path power we get 
(x1( ,..., x,.‘)~” _ (x1 ,..., x,.)E’PBd@le 
with e a product of pfith powers of commutators of weight at least 2 in d and 
x1 ,..., xT). This is a consequence of the fact that G, is regular. But since 
[G,.+$” = 1, d@ = e :- 1 and the lemma follows. 
LEMMA 2.4. Let G be an n-regular p-group of class c with (G,.+# = 1 
f or some I’ > n. =issurne that G satisfies an identical relation of the form: 
(**) qx, )...) xg) = fi qpLi = k VyJ = qy, ,...,yJ 
r-1 j=l 
with each ui a simple commutator of weight r in x1 ,..., xi; and each vj a simple 
commutator of weight c in y1 ,..., y1 . 
Then G satisfies Ulc--l’ = 1 for any integer 1. 
Proof. Replace each xi and yj by xiz and yiz respectively with 1 an integer. 
It then follows from Lemma 2.3 that 
jj u:“@Z’ = fi VjyIC 
F=l 
But since G, is regular with (G,,,)“” = 1, it follows that the UT’ commute. 
Thus 
481/11/3-z 
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whence 
THEOREM 2.5. Let G be a basic n-regular p-group of class c and suppose that 
e(GT) -= p’foy some Y > n. Then e(G,: I) = pr if p -- 1~ c ~~- T. 
Proof. Let G be a d-generator group and let F be the relatively free 
group of rank d in var G. We now assume that e(GT+J = pa with /3 < N. 
Thus (G,+i)Pa = 1 but (Gr)“’ f  1. Hence (FT)@ f  1 and since G is of class c, 
F, Tf I. Now since G is basic (FT)pp n F,. f  I by Theorem 1.6 and hence 
from 1,emma 1.5 G satisfies an identical relation of the form (*) of Lemma 1.5 
with k m-m r, 2 = c, f(al ,..., a,) = (al ,..., a,)“’ and g(b, ,..., b,) =- (b, ,..., b,). 
I f  each a, and bj is replaced by a word in the variables zi ,..., zd and the 
resulting expressions expanded into simple commutators in zi ,..., zd we 
obtain from (*) of Lemma 1.5 an identical relation of the form (**) of 
Lemma 2.4. This is a consequence of the fact that (Gr+$‘a = 1 and G,+i = 1. 
We can now apply Lemma 2.4 and obtain U P - I” := 1. Rut if we choose I 
to be a primitive root of p, then Ciz’pz7 -= Ur7(1cmTp1) = 1 implies that 
Ulc-n-i = 1 and sincep - 1~ c - r, it follows thatpr Zc-r - 1 and thus U = 1 
is an identical relation for G, a contradiction. Thus the assumption p < 01 is 
false and e(G,) = e(G,+,). 
Since a finite p-group of class c < p is regular we immediately have 
COROLLARY 2.6. Let G be a jnite basic p-group of class c < p. Then 
e(G) = e(G,). That is, e(G) = e(Gi) for i = I ,. .., c. 
A further small improvement can be achieved by applying Theorem 1.3 
of [4] which states that in a regular basic p-group, e(G) = e(G,) without any 
restriction on the class. This allows us to replace “c < p” in the preceding 
corollary by “c < p” together with the restriction that G is regular. 
It is interesting to note that in all of the preceding we have never utilized 
the fact that G is assumed to bc critical. In fact we could just as well replace 
“G is basic” by “Var G is join-irreducible.” Even in Theorem 1.3 of [4] 
which we quote above we only use the fact that the centre of G is cyclic, 
a very weak necessary condition for criticality. 
We also remark that the necessary conditions obtained in Theorem 2.5 
are certainly not suficient. In particular every finite critical p-group of 
exponent p trivially satisfies these conditions, but there are examples of such 
groups, even of class less than p, which arc not basic. On the other hand, 
these conditions are both necessary and sulhcient in the case of metabelian 
p-groups of class c < p (see [.5]). What is apparently needed then is an 
investigation of the role played by the derived series of a basic p-group. 
We hope to initiate such a study in the near future. 
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